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Abstract
The interaction of maximally charged dilatonic black holes on R4 × T d is
studied in the low-velocity limit. In particular, the scattering of two black
holes on R4 × S1 is investigated.
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I. INTRODUCTION
In recent years, solitons in field theories have attracted much attention. Solitonic objects
may play important roles in the unity of fundamental theories including string theories [1].
The relation between topology of the space and the solitonic objects is a key subject for
exploring the ultimate theory of everything in higher dimensions. The mechanism of the
realization of the physical three-dimensional space by compactification and the method of
detecting the extra dimensions in our universe may be obtained by studying the solitonic
objects in higher dimensions.
The exact solution for an arbitrary number of maximally charged dilatonic black holes
has been found by several authors [2,3]. Static multi-soliton solutions, which saturate certain
Bogomol’nyi-type bounds, have been studied in various theories [1]. There is no net static
force among the solitonic objects described by such a multi-soliton solution. In the present
paper, using the identification process, we show the multi-centered solution on the toroidally
compactified spacetime, R4×T d in Sec. II. The same method can be used for general toroidal
compactifications in arbitrary dimensions. We find that the solution reduces to the multi-
black hole solution on R4 if the scale of the torus shrinks to zero.
Recently the present author has also studied the interaction of maximally charged dila-
tonic black holes at low velocities and obtained the moduli space metric for two such black
holes explicitly [4,5]. In Sec. III in the present paper, we present the low-energy interaction
of the multi-black hole system on R4 × T d. We concentrate on the case with d = 1: This
case arises in the five-dimensional Einstein-Maxwell-dilaton theory with Kaluza-Klein com-
pactification on a circle. Two-body scattering is analyzed in this case in Sec. IV. The last
section V is devoted to a brief conclusion.
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II. THE EXACT MULTI-SOLITON SOLUTION ON R4 × T d
The action for the effective field theory of string theory in (d+4) dimensional spacetime,
including U(1) gauge field but discarding the antisymmetric field strength Hµνλ, is
S =
∫
dd+4x
√−g
16πG
e−2φ
[
R + 4(∇φ)2 − F 2
]
+ (surface terms) , (1)
where R is the scalar curvature and φ stands for the dilaton. The vector field Aµ is related
to the field strength Fµν by Fµν = ∂µAν − ∂νAµ, where µ, ν run over 0, 1, . . . , d + 3. G is
the Newton’s constant.
Rescaling the action as gµν → e
4
d+2
φgµν yields an action for the Einstein-Maxwell-dilaton
theory, which includes the Einstein-Hilbert action for gravitation:
S =
∫
dd+4x
√−g
16πG
[
R − 4
d+ 2
(∇φ)2 − e− 4d+2φF 2
]
+ (surface terms) . (2)
We take the action of this form to study the solution and interaction of the solitonic objects
derived from it in this paper.
The static multi-centered solution with flat asymptotic region Rd+4 takes the form [2,3]
ds2 = −V −2 d+1d+2dt2 + V 2d+2dx2, Aµdxµ = 1√
2
(
1− 1
V
)
dt, e−
4
d+2
φ = V
2
d+2 , (3)
where
V = 1 +
∑
α
4π
Ad+2
2Gmα
(d+ 1)|x− xα|d+1 . (4)
where Ad+2 =
2π(d+3)/2
Γ((d+3)/2)
. The solution describes the situation that the α-th nonrotating,
charged dilatonic black hole in the extreme limit with mass mα is located at x = xα.
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Now we consider the multi-black hole solution on a torus space. Although we can consider
arbitrary dimensions, we concentrate on the case of R4 × T d, with a physical interest. To
1Strictly speaking, there are naked singularities in the solution. Nevertheless, we use the term
“black hole” because the extreme case may still have generic properties of black holes in terms of
their classical dynamics.
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derive the solution which globally has the topology of R4 × T d from the asymptotically
flat solution (3,4), we use the technique of identification. We denote the coordinate of d-
dimensional subspace as ξi (i = 1, 2, . . . d). We obtain the torus space by identifying ξi and
ξi+Liℓi, where ℓi is an integer. Li is the circumference of the i-th direction of the torus. As
for the multi-centered solution, the copious images of a black hole at xα must be located at
xα +L with L ≡ (L1ℓ1, L2ℓ2, . . . , Ldℓd, 0, 0, 0) and have the same mass mα.
Consequently, on the space with toroidal compactification, the set of solutions for the
metric and the other fields takes the same form as Eq. (3), but V has the form
V = 1 +
∑
α
2G˜mα
rα
∞∑
ℓ1=−∞
· · ·
∞∑
ℓd=−∞
exp

−2πrα
√√√√ d∑
i=1
ℓ2i
L2i

 d∏
i=1
cos ℓiθα,i , (5)
where rα =
√
(x− xα)2 + (y − yα)2 + (z − zα)2 and θα,i = 2π(ξi − ξα,i)/Li. G˜ represents an
effective Newton constant defined by G˜ = G/VT with VT = ∏di=1 Li.
In the limit of all Li → 0, V is reduced to
V = 1 +
∑
α
2G˜mα
rα
, (6)
which is the same as the solution for the four dimensional case [2,3].
For d = 1, the sum over ℓ in Eq. (5) can be done analytically, and then V is obtained as
follows:
V = 1 +
∑
α
2G˜mα
rα
sinh 2πrα/L
cosh 2πrα/L− cos θα . (7)
The multi-soliton solution on a torus in Einstein-Maxwell-dilaton theory with an arbi-
trary dilaton coupling [3] can be constructed in the same manner.
III. INTERACTIONS
The present author has applied the method of Ferrell and Eardley [6] to calculate the
interaction energy of the maximally charged dilatonic black holes at low velocities by making
use of the exact, static solution (3). The equations in detail for its derivation can be referred
to the previous work [4,5].
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Since there are only two-body (velocity-dependent) forces in the multi-black hole system
in this case,2 the general expression for the O(v2) lagrangian of the system of an arbitrary
configuration of black holes can be easily obtained as: [4,5]
Lv2 =
∑
α
1
2
mαv
2
α +
∑
αβ
4π
Ad+2
Gmαmβ |vα − vβ|2
2(d+ 1)|xα − xβ|d+1
=
1
2
MV 2 +
∑
αβ
mαmβ|vα − vβ|2
4M
(
1 +
4π
Ad+2
2GM
(d+ 1)|xα − xβ |d+1
)
, (8)
where vα is the velocity of the extreme dilatonic black hole with mass mα. The total mass
M is given by M =
∑
αmα, and V is the velocity of the center of mass; V ≡
∑
αmαvα/M .
We have disregarded the constant term in the lagrangian, which is proportional to the total
mass of the system.
Again we use the identification of the images to construct the interaction lagrangian of
extreme dilatonic black holes on R4× T d. The images of a certain black hole have the same
velocity as well as the same mass. We also note that the sum of the interaction lagrangian
of the images yields an overall infinite factor,
∑
∞
ℓ1=−∞
· · ·∑∞ℓd=−∞ 1. We have simply to omit
this overall factor.
Finally we get the following lagrangian of O(v2):
L˜v2 =
1
2
MV 2
+
∑
αβ
mαmβ |vα − vβ|2
4M

1 + 2G˜M
ραβ
∞∑
ℓ1=−∞
· · ·
∞∑
ℓd=−∞
exp

−2πραβ
√√√√ d∑
i=1
ℓ2i
L2i

 d∏
i=1
cos ℓiθαβ,i

 ,
(9)
where ραβ =
√
(xα − xβ)2 + (yα − yβ)2 + (zα − zβ)2 and θαβ = 2π(ξα,i− ξβ,i)/Li.3 Note that
we have not used any long-distance approximation. The dependence of the configuration is
2For a general dilaton coupling, the interaction has more complicate form [4,5].
3For a case of a general dilaton coupling, since the interaction contains many-body, velocity-
dependent forces [4,5], the expression will be more complicated. The resemblance between Eq. (9)
and Eq. (5) is a coincidence.
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exact at this order in v2.
In the next section, we study the two-body scattering on R4 × S1 using the low-energy
interaction lagrangian.
IV. TWO-BODY SCATTERING ON R4 × S1
The slow motion of solitons can be described as geodesics on the space of parameters
(moduli space) for static solutions. Therefore the calculation of the metric on moduli space
is the most effective way to investigate the interaction of slowly moving solitons in classical
field theory [7]. In this section, we consider the scattering of two maximally charged dilatonic
black holes on R4 × S1 using the metric of moduli space.
The O(v2) lagrangian of the two-body system of the black holes with masses mA and
mB is obtained from Eq. (9), that is
L˜v2 =
1
2
(mA +mB)V
2 +
1
2
µ
[
1 +
2G˜(mA +mB)
ρ
sinh 2πρ/L
cosh 2πρ/L− cos θ
]
|vA − vB|2 , (10)
where ρ = ρAB and θ = θAB. The reduced mass µ is given by µ = mAmB/(mA +mB).
Hereafter we assume that the black holes move in a (scattering) plane in the three-
dimensional space. Thus the moduli space of this configuration is reduced to be a three-
dimensional space parameterized by the mutual distance ρ, the azimuthal angle ϕ, and the
angle difference on the extra circle θ.
For this two-body system, the metric on moduli space of relative motion can be read
from Eq. (10) as
ds2MS = γ(ρ, θ)
(
dρ2 + ρ2dϕ2 +
L2
4π2
dθ2
)
, (11)
with
γ(ρ, θ) = 1 +
2G˜M
ρ
sinh 2πρ/L
cosh 2πρ/L− cos θ , (12)
where M = mA +mB.
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We describe the two-body scattering using the coordinate where one of the extreme
dilatonic black holes is located at the origin. We set a length scale such that 2G˜M = 1 in
the followings. The parameters used in the description of the scattering process is exhibited
in FIG. 1. The effect of the extra dimensions becomes important when the typical, or
minimum distance between the black holes ρ0 and the compactification scale L are the same
order. Therefore, we choose L = π in the following numerical calculations to see the effect
well.
First we examine the case that θ is fixed to be zero everywhere. This situation satisfies the
equation of motion for θ derived from the geodesic equation on the moduli space. The orbit
of the projectile is determined by the geodesic equation derived from the line element (11, 12)
by the variational method. The relation between the impact parameter b and the scattering
angle Θ is shown in FIG. 2 for L = π. Note that the horizontal axis indicates 1/b. If b is
sufficiently large, the deflection is described by the Rutherford scattering [5]. For large b, the
angle of deflection is well described by the expression for four-dimensional black holes [5,4]:
Θ = 2 arctan
1
2b
. (13)
If b is small and comparable to L, since the shape of the moduli space in the vicinity of
the origin looks like the one of the five-dimensional black hole system, then the scattering
angle Θ diverges when b approaches a certain value bcrit [4]. The two dilatonic black holes
coalescence for b < bcrit [4]. The critical value bcrit is given by
bcrit = L/π , (14)
in the case on R4 × S1. For small b, the scattering angle is well approximated by the
expression for five-dimensional black holes [4]:
Θ =
1−
√
1− L
b2π√
1− L
b2π
π . (15)
Next we consider the effect of the relative motion of black holes on the extra space S1.
We take ρ0 = 1, and at this position we assume non-zero value of the gradient of θ along
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the path, that is |∇θ|. For simplicity, we set the initial value of θ (= θinit) at this point
equals to zero. We show an example of the trajectory of an extreme dilatonic black hole
when L = π, ρ0 = 1, and the initial value of |∇θ| = |∇θ|init = 4 in FIG. 3. As one can see
from the behavior in FIG. 3, the value of the angle ϕ0 turns out to be very sensitive to the
initial value of |∇θ|, though the effect is suppressed if ρ0 is much larger than L. This is due
to the periodic nature of the interaction on θ and thus the motion is not merely a projection
of the path of two-body scattering in the isotropic five dimensions. The periodicity of the
effective force may bring about chaotic motion of black holes. More deep inspection will be
needed and studied elsewhere.
V. CONCLUSION
We have shown the multi-soliton solution in Einstein-Maxwell-dilaton theory on R4×T d,
and investigated the interaction of maximally charged dilatonic black holes on R4×T d in the
low velocity limit. The scattering of two black holes on R4×S1 has been studied numerically.
These features found in the case of R4 × S1 may exist also in a general dimensional
case. The effect of the extra dimensions can be found in the process of the “near-head-
on” collision. The effect of the relative motion in the extra space is also observable in our
three-dimensional world if the typical scale of the two-body system is the same order of the
compactification scale.
We must bear in mind that our analyses are based on the low-velocity lagrangian. The
terms of higher order in v and the radiational back-reaction may become important if all
the typical scales of the scattering process are very small. These corrections will be studied
in the future work.
The true effective theory of string theory contains the antisymmetric tensor field Bµν
as well as the higher-order terms of the curvature and the field strength. The analysis on
the theory including these will be of much importance if we pursue the connection between
string theory and solitons [1,8–10].
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FIGURES
FIG. 1. A schematic view of the two-body scattering process and an introduction of parameters.
FIG. 2. The scattering angle Θ versus the inverse of the impact parameter b, for L = pi. Two
curves described by Eq. (13) and Eq. (15) are also exhibited as dashed lines.
FIG. 3. An example of the trajectory of an extreme dilatonic black hole when L = pi, ρ0 = 1,
and the initial value of |∇θ|init = 4, and θinit = 0.
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